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Transform  Notation 

Laplace  𝑋(𝑠) 

Fourier Transform 

(CTFT) 

 𝑋(𝜔) or 𝑋(Ω) 

Discrete-Time Fourier Transform 
(DTFT) 

 𝑋(𝑒𝑗𝜔) 

Discrete Fourier Transform 

(DFT) 

 𝑋𝑘 

Z-transform  𝑋(𝑧) 

  



Definition of Laplace Transform Definition of Inverse Laplace Transform 

𝑋(𝑠) = ℒ[𝑥(𝑡)] = ∫  
∞

−∞

𝑥(𝑡)𝑒−𝑠𝑡𝑑𝑡 𝑥(𝑡) = ℒ−1[𝑋(𝑠)] =
1

2𝜋𝑗
∫  

𝜎+𝑗∞

𝜎−𝑗∞

𝑋(𝑠)𝑒𝑠𝑡𝑑𝑠 

 

Laplace Transform common pairs 

Input 𝑥(𝑡)  Output 𝑋(𝑠) ROC 

𝛿(𝑡) ↔ 1 whole s-plane 

𝑢(𝑡) ↔ 1

𝑠
 

ℛ𝑒[𝑠] > 0  

𝑡 ⋅ 𝑢(𝑡) ↔ 1

𝑠2
 

ℛ𝑒[𝑠] > 0  

𝑒−𝑎𝑡𝑢(𝑡), 𝑎 > 0  ↔ 1

𝑠 + 𝑎
 

ℛ𝑒[𝑠] > −𝑎  

cos⁡(𝜔𝑡)𝑢(𝑡)  ↔ 𝑠

𝑠2 +ω2
 ℛ𝑒[𝑠] > 0  

sin⁡(𝜔𝑡)𝑢(𝑡)  ↔ 𝜔

𝑠2 +ω2
 ℛ𝑒[𝑠] > 0  

𝑒−𝑎𝑡 cos(ω𝑡)𝑢(𝑡) , 𝑎 > 0  ↔ 𝑠 + 𝑎

(𝑠 + 𝑎)2 + ω2
 

ℛ𝑒[𝑠] > −𝑎  

𝑒−𝑎𝑡 sin(𝜔𝑡)𝑢(𝑡) , 𝑎 > 0  ↔ 𝜔

(𝑠 + 𝑎)2 + ω2
 ℛ𝑒[𝑠] > −𝑎  

𝑡𝑒−𝑎𝑡  ↔ 1

(𝑠 + 𝑎)2
 

ℛ𝑒[𝑠] > −𝑎 

1 − 𝑒−𝑎𝑡  ↔ 𝑎

𝑠(𝑠 + 𝑎)
 ℛ𝑒[𝑠] > −𝑎 

𝑡2 ↔ 2

𝑠3
 

ℛ𝑒[𝑠] > 0 

𝑡𝑁 ↔ 𝑁!

𝑠𝑁+1
 

ℛ𝑒[𝑠] > 0 

 

Causal vs anti-causal Laplace Transforms 

Causal Anti-causal 

𝑋𝑐(𝑠) = ℒ[𝑥𝑐(𝑡)] 

Nothing special. 

𝑋𝑎𝑐(𝑠) = ℒ[𝑥𝑎𝑐(−𝑡)]|−𝑠 

That is, to find an anti-causal Laplace transform of a signal, replace 𝑡 

with −𝑡, compute the Laplace transform as normal, then replace 

every 𝑠 with −𝑠 in the expression. 

  



Laplace Transform properties 

Causal functions and constants 𝛼𝑥(𝑡), 𝛽𝑦(𝑡) 𝛼𝑋(𝑠), 𝛽𝑌(𝑠) 

Linearity 𝛼𝑥(𝑡) + 𝛽𝑦(𝑡) 𝛼𝑋(𝑠) + 𝛽𝑌(𝑠) 

Right shift in time 𝑥(𝑡 − 𝛼)𝑢(𝑡 − 𝛼) 𝑒−𝛼𝑠𝑋(𝑠) 

Frequency shifting 𝑒𝛼𝑡𝑥(𝑡) 𝑋(𝑠 − 𝛼) 

Convolution in the time-

domain 
𝑥1(𝑡) ∗ 𝑥2(𝑡)⁡ 𝑋1(𝑠)𝑋2(𝑠)  

Convolution in the s-domain 𝑥1(𝑡)𝑥2(𝑡) 𝑋1(𝑠) ∗ 𝑋2(𝑠) 

Multiplication by 𝑡 𝑡𝑥(𝑡) −
𝑑𝑋(𝑠)

𝑑𝑠
 

Multiplication by 𝑡𝑛 𝑡𝑛𝑥(𝑡) (−1)𝑛
𝑑𝑛𝑋(𝑠)

𝑑𝑠𝑛
 

Division by t 
1

𝑡
𝑥(𝑡) ∫  

∞

𝑠

𝑋(𝑢)𝑑𝑢 

Multiplication by a Sinusoid 𝑥(𝑡) cos(𝜔𝑡) 
1

2
[𝑋(𝑠 + 𝑗𝜔) + 𝑋(𝑠 − 𝑗𝜔)] 

 𝑥(𝑡) sin(𝜔𝑡) 
𝑗

2
[𝑋(𝑠 + 𝑗𝜔) − 𝑋(𝑠 − 𝑗𝜔)] 

1st Derivative 
𝑑𝑥(𝑡)

𝑑𝑡
 𝑠𝑋(𝑠) − 𝑥(0−)⁡ 

2nd  Derivative 
𝑑2𝑥(𝑡)

𝑑𝑡2
 𝑠2𝑋(𝑠) − 𝑠𝑥(0−) − 𝑥′(0) 

Nth Derivative 
𝑑𝑁𝑥(𝑡)

𝑑𝑡𝑁
 𝑠𝑁𝑋(𝑠) − ∑𝑘=0

𝑁−1  𝑥(𝑘)(0−)𝑠𝑁−1−𝑘 

Integral of a causal signal ∫
0−

𝑡
 𝑥(𝜆)⁡𝑑𝜆 

𝑋(𝑠)

𝑠
 

Expansion/contraction 𝑥(𝛼𝑡), 𝛼 ≠ 0 
1

|𝛼|
𝑋 (

𝑠

𝛼
) 

Initial value theorem 𝑥(0) = lim𝑠→∞  𝑠 ∙ 𝑋(𝑠)  

Final value theorem lim𝑡→∞  𝑥(𝑡) = lim𝑠→0  𝑠 ∙ 𝑋(𝑠)  

  



Definition of Fourier Transform Definition of Inverse Fourier Transform 

𝑋(𝜔) = 𝐹[𝑥(𝑡)] = ∫  
∞

−∞

𝑥(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡 𝑥(𝑡) = 𝐹−1[𝑋(𝜔)] =
1

2𝜋
∫  

∞

−∞

𝑋(𝜔)𝑒𝑗𝜔𝑡𝑑𝜔 

Fourier Transform common pairs 

Input 𝑥(𝑡)  Output 𝑋(ω) 

𝛿(𝑡)  ↔ 1 

𝛿(𝑡 − 𝜏)  ↔ 𝑒−𝑗ω𝜏 

𝑢(𝑡)  ↔ 
1

𝑗ω
+ 𝜋𝛿(ω) 

𝑢(−𝑡)  ↔ 
−1

𝑗ω
+ 𝜋𝛿(ω) 

sign⁡(𝑡) = 2[𝑢(𝑡) − 0.5]  ↔ 
2

𝑗ω
 

𝐴,−∞ < 𝑡 < ∞  ↔ 2𝜋𝐴𝛿(ω) 

𝐴𝑒−𝑎𝑡𝑢(𝑡), 𝑎 > 0  ↔ 
𝐴

𝑗ω + 𝑎
 

𝐴𝑡𝑒−𝑎𝑡𝑢(𝑡), 𝑎 > 0  ↔ 
𝐴

(𝑗ω + 𝑎)2
 

𝑒−𝑎|𝑡|, 𝑎 > 0  ↔ 
2𝑎

𝑎2 +ω2
 

cos(ω0𝑡),⁡⁡⁡− ∞ < 𝑡 < ∞  ↔ 𝜋[𝛿(ω −ω0) + 𝛿(ω + ω0)] 

sin(ω0𝑡),⁡⁡⁡− ∞ < 𝑡 < ∞  ↔ −𝑗𝜋[𝛿(ω − ω0) − 𝛿(ω + ω0)] 

𝑝(𝑡) = 𝐴[𝑢(𝑡 + 𝜏) − 𝑢(𝑡 − 𝜏)], 𝜏 > 0  ↔ 2𝐴𝜏
sin⁡(ω𝜏)

(ω𝜏)
 

sin⁡(ω0𝑡)

𝜋𝑡
 ↔ 𝑃(ω) = 𝑢(ω +ω0) − 𝑢(ω −ω0) 

𝑥(𝑡)cos⁡(ω0𝑡)  ↔ 0.5[𝑋(ω −ω0) + 𝑋(ω +ω0)] 

  



Fourier Transform Properties 

Signals and constants 𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝛼, 𝛽 𝑋(ω), 𝑌(ω), 𝑍(ω) 

Linearity 𝛼𝑥(𝑡) + 𝛽𝑦(𝑡) 𝛼𝑋(ω) + 𝛽𝑌(ω) 

Expansion/contraction in time 𝑥(𝛼𝑡), 𝛼 ≠ 0 
1

|𝛼|
𝑋 (

ω

𝛼
) 

Reflection 𝑥(−𝑡) 𝑋(−ω) 

Parseval's energy relation 𝐸𝑥 = ∫
−∞

∞
 |𝑥(𝑡)|2𝑑𝑡 𝐸𝑋 =

1

2𝜋
∫
−∞

∞
 |𝑋(ω)|2𝑑ω 

Duality 𝑋(𝑡) 2𝜋𝑥(−ω) 

Time differentiation 
𝑑𝑛𝑥(𝑡)

𝑑𝑡𝑛
, 𝑛 ≥ 1 (𝑗ω)𝑛𝑋(ω) 

Frequency differentiation −𝑗𝑡𝑥(𝑡) 
𝑑𝑋(ω)

𝑑ω
 

Integration ∫
−∞

𝑡
 𝑥(𝑡′)𝑑𝑡′ 

𝑋(ω)

𝑗ω
+ 𝜋𝑋(0)𝛿(ω) 

Time shifting 𝑥(𝑡 − 𝛼) 𝑒−𝑗𝛼ω𝑋(ω) 

Frequency shifting 𝑒𝑗ω0𝑡𝑥(𝑡) 𝑋(ω −ω0) 

Modulation 𝑥(𝑡)cos⁡(ω𝑐𝑡) 0.5[𝑋(ω −ω𝑐) + 𝑋(ω +ω𝑐)] 

Periodic signals 𝑥(𝑡) = ∑𝑘  𝑋𝑘𝑒
𝑗𝑘ω0𝑡 𝑋(ω) = ∑𝑘  2𝜋𝑋𝑘𝛿(ω − 𝑘ω0) 

Symmetry 𝑥(𝑡) real 
|𝑋(ω)| = |𝑋(−ω)| 

∠𝑋(ω) = −∠𝑋(−ω) 

Convolution in time 𝑧(𝑡) = [𝑥∗𝑦](𝑡) 𝑍(ω) = 𝑋(ω)𝑌(ω) 

Windowing/Multiplication 𝑥(𝑡)𝑦(𝑡) 
1

2𝜋
[𝑋 ∗ 𝑌](ω) 

Cosine transform 𝑥(𝑡) even 𝑋(ω) = ∫
−∞

∞
 𝑥(𝑡)cos⁡(ω𝑡)𝑑𝑡, real 

Sine transform 𝑥(𝑡) odd 
𝑋(ω) = −𝑗 ∫ 𝑥(𝑡) sin(ω𝑡)

∞

−∞
𝑑𝑡, 

imaginary 

  



Definition of Z-transform Definition of Inverse Z-transform 

𝑋(𝑧) = ∑  

∞

𝑛=−∞

𝑥[𝑛] ∙ 𝑧−𝑛 

𝑋(z) =∑𝑥[𝑛] ∙ (𝑧−1)𝑛
𝑁

𝑛=0

 

(If x[n] has finite support: 0 to N) 

𝑥[𝑛] = 𝑥[𝑛] =
1

𝑗2𝜋
∫ 𝑋(𝑧) ⋅ 𝑧𝑛−1𝑑𝑧 

 

Z-Transform common pairs 

Input 𝑥[𝑛]  Output 𝑋(𝑧) ROC 

𝛿[𝑛] ↔ 1 Whole z-plane 

𝑢[𝑛] ↔ 
1

1 − 𝑧−1
, 

|𝑧| > 1 

𝑛𝑢[𝑛] ↔ 
𝑧−1

(1 − 𝑧−1)2
 

|𝑧| > 1 

𝑛2𝑢[𝑛] ↔ 
𝑧−1(1 + 𝑧−1)

(1 − 𝑧−1)3
 

|𝑧| > 1 

𝛼𝑛𝑢[𝑛], |𝛼| < 1 ↔ 
1

1 − 𝛼𝑧−1
 

|𝑧| > |𝛼| 

𝑛𝛼𝑛𝑢[𝑛], |𝛼| < 1 ↔ 
𝛼𝑧−1

(1 − 𝛼𝑧−1)
 

|𝑧| > |𝛼| 

cos⁡(𝜔0𝑛)𝑢[𝑛] ↔ 
1 − cos⁡(𝜔0)𝑧

−1

1 − 2cos⁡(𝜔0)𝑧
−1 + 𝑧−2

 
|𝑧| > 1 

sin⁡(𝜔0𝑛)𝑢[𝑛] ↔ 
sin⁡(𝜔0)𝑧

−1

1 − 2cos⁡(𝜔0)𝑧
−1 + 𝑧−2

 
|𝑧| > 1 

𝛼𝑛cos⁡(𝜔0𝑛)𝑢[𝑛], |𝛼| < 1 ↔ 
1 − 𝛼cos⁡(𝜔0)𝑧

−1

1 − 2𝛼cos⁡(𝜔0)𝑧
−1 + 𝛼2𝑧−2

 
|𝑧| > 1 

𝛼𝑛sin⁡(𝜔0𝑛)𝑢[𝑛], |𝛼| < 1 ↔ 
𝛼sin⁡(𝜔0)𝑧

−1

1 − 2𝛼cos⁡(𝜔0)𝑧
−1 + 𝛼2𝑧−2

 
|𝑧| > |𝛼| 

 

  



Z-Transform properties 

1. Right shift in time of 

𝑥[𝑛] ⋅ 𝑢[𝑛] 
𝑥[𝑛] ⋅ 𝑢[𝑛 − 𝑞]  ⁡𝑧−𝑞 ⋅ 𝑋(𝑧) 

2. Right shift of 𝑥[𝑛] 𝑥[𝑛 − 1]   𝑧−1 ⋅ 𝑋(𝑧) + 𝑥[−1] 

 𝑥[𝑛 − 2]   𝑧−2 ⋅ 𝑋(𝑧) + 𝑥[−2] + 𝑧−1 ⋅ 𝑥[−1] 

 𝑥[𝑛 − 𝑞]   𝑧−𝑞 ⋅ 𝑋(𝑧) + 𝑥[−𝑞] + 𝑧−1 ⋅ 𝑥[−q + 1] + ⋯+ 𝑧−𝑞+1 ⋅ 𝑥[−1] 

   𝑧−𝑞 ⋅ 𝑋(𝑧)       (if 𝑥[𝑛] = 0 for negative n) 

3. Left shift in time 𝑥[𝑛 + 1]   𝑧 ⋅ 𝑋(𝑧) − 𝑥[0] ⋅ 𝑧 

 𝑥[𝑛 + 2]   𝑧2 ⋅ 𝑋(𝑧) − 𝑥[0] ⋅ 𝑧2 − 𝑥[1] ⋅ 𝑧 

4. Multiplication by n 𝑛 ⋅ 𝑥[𝑛]   −𝑧 ⋅
𝑑𝑋(𝑧)

𝑑𝑧
 

 𝑛2 ⋅ 𝑥[𝑛]   𝑧 ⋅
𝑑𝑋(𝑧)

𝑑𝑧
+ 𝑧2

𝑑2𝑋(𝑧)

𝑑𝑧2
 

5. Multiplication by 𝑎𝑛 𝑎𝑛 ⋅ 𝑥[𝑛]⁡  𝑋 (
𝑧

𝑎
) 

6. Multiplication by 

cos(𝜔𝑛) and sin(𝜔𝑛) 

 

cos(𝜔𝑛) ⋅ 𝑥[𝑛]  
1

2
[𝑋(𝑒𝑗𝜔 ⋅ 𝑧) + 𝑋(𝑒−𝑗𝜔 ⋅ 𝑧)] 

 sin⁡(𝜔𝑛) ⋅ 𝑥[𝑛]  
𝑗

2
[𝑋(𝑒𝑗𝜔 ⋅ 𝑧) − 𝑋(𝑒−𝑗𝜔 ⋅ 𝑧)] 

7. Summation 𝑥[𝑛] =

0 for 𝑛 = −1,−2,−3,… 

i.e., a causal signal. 

 

∑ 

𝑛

𝑖=0

𝑥[𝑖]  
𝑧

𝑧 − 1
⋅ 𝑋(𝑧) 

8. Convolution 𝑥[𝑛] ∗ 𝑣[𝑛]  𝑋(𝑧) ⋅ 𝑉(𝑧) 

 

  



DTFT common pairs 

Input 𝑥[𝑛]  
Output 𝑋(𝑒𝑗𝜔) 
periodic of period 2𝜋 

ROC 

𝛿[𝑛] ↔ 1 −𝜋 ≤ 𝜔 < 𝜋 

𝐴 ↔ 2𝜋𝐴𝛿(𝜔) −𝜋 ≤ 𝜔 < 𝜋 

𝑒𝑗𝜔0𝑛 ↔ 2𝜋𝛿(𝑤 − 𝜔0) −𝜋 ≤ 𝜔 < 𝜋 

𝛼𝑛𝑢[𝑛], |𝛼| < 1 ↔ 
1

1 − 𝛼𝑒−𝑗𝜔
 −𝜋 ≤ 𝜔 < 𝜋 

𝑛𝛼𝑛𝑢[𝑛], |𝛼| < 1 ↔ 
𝛼𝑒−𝑗𝜔

(1 − 𝛼𝑒−𝑗𝜔)2
 −𝜋 ≤ 𝜔 < 𝜋 

cos⁡(𝜔0𝑛)𝑢[𝑛] ↔ 𝜋[𝛿(𝜔 −𝜔0) + 𝛿(𝜔 +𝜔0)] −𝜋 ≤ 𝜔 < 𝜋 

sin⁡(𝜔0𝑛)𝑢[𝑛] ↔ −𝑗𝜋[𝛿(𝜔 −𝜔0) + 𝛿(𝜔 +𝜔0)] −𝜋 ≤ 𝜔 < 𝜋 

𝛼|𝑛|, |𝛼| < 1 ↔ 
1 − 𝛼2

1 − 2𝛼cos⁡(𝜔) + 𝛼2
 −𝜋 ≤ 𝜔 < 𝜋 

𝑝[𝑛] = 𝑢[𝑛 + 𝑁/2] − 𝑢[𝑛 − 𝑁/2] ↔ 
sin⁡(𝜔(𝑁 + 1)/2)

sin⁡(𝜔/2)
 −𝜋 ≤ 𝜔 < 𝜋 

𝛼𝑛cos⁡(𝜔0𝑛)𝑢[𝑛] ↔ 
1 − 𝛼cos⁡(𝜔0)𝑒

−𝑗𝜔

1 − 2𝛼cos⁡(𝜔0)𝑒
−𝑗𝜔 + 𝛼2𝑒−2𝑗𝜔

 −𝜋 ≤ 𝜔 < 𝜋 

𝛼𝑛sin⁡(𝜔0𝑛)𝑢[𝑛] ↔ 
𝛼sin⁡(𝜔0)𝑒

−𝑗𝜔

1 − 2𝛼cos⁡(𝜔0)𝑒
−𝑗𝜔 + 𝛼2𝑒−2𝑗𝜔

 −𝜋 ≤ 𝜔 < 𝜋 

 

  



DTFT properties 

Z-transform 𝑥[𝑛], 𝑋(𝑧), |𝑧| = 1 ∈ 𝑅𝑂𝐶  𝑋(𝑒𝑗𝜔) = 𝑋(𝑧)|𝑧=𝑒𝑗𝜔 

Periodicity 𝑥[𝑛]  𝑋(𝑒𝑗𝜔) = 𝑋(𝑒𝑗(𝜔+2𝜋𝑘)), 𝑘 integer 

Linearity 𝛼𝑥[𝑛] + 𝛽𝑦[𝑛]  𝛼𝑋(𝑒𝑗𝜔) + 𝛽𝑌(𝑒𝑗𝜔) 

Time-shifting 𝑥[𝑛 − 𝑁]  𝑒−𝑗𝜔𝑁𝑋(𝑒𝑗𝜔) 

Frequency-shift 𝑥[𝑛]𝑒𝑗𝜔0𝑛  𝑋(𝑒𝑗(𝜔−𝜔0)) 

Convolution (𝑥 ∗ 𝑦)[𝑛]  𝑋(𝑒𝑗𝜔)𝑌(𝑒𝑗𝜔) 

Multiplication 𝑥[𝑛] ∙ 𝑦[𝑛] 
 1

2𝜋
∫
−𝜋

𝜋
 𝑋(𝑒𝑗𝜃)𝑌(𝑒𝑗(𝜔−𝜃))𝑑𝜃 

Symmetry 𝑥[𝑛] real-valued  |𝑋(𝑒𝑗𝜔)| even function of 𝜔 

   ∠𝑋(𝑒𝑗𝜔) odd function of 𝜔 

Parseval's 
relation 

∑𝑛=∞
∞  |𝑋[𝑛]|2 =

1

2𝜋
∫
−𝜋

𝜋
|𝑋(𝑒𝑗𝜔)|

2
𝑑𝜔 

 

 


