Tables of transforms

Jan Molina
Transform Notation
Laplace X(s)

Fourier Transform

(CTFT)

Discrete-Time Fourier Transform
(DTFT)

Discrete Fourier Transform

(DFT)

Z-transform

X(w) or X(Q)

X(e/®)

Xk

X(2)



Definition of Laplace Transform Definition of Inverse Laplace Transform

oo 1 g+joo
X(s) = Lx@®)] = f x(t)e stdt x(t) = L7X(s)] = e f X(s)estds
— g—joo

Laplace Transform common pairs

Input x(t) Output X (s) ROC
6(t) o 1 whole s-plane
ut) o 1 Re[s] >0
s
t-u) o 1 Re[s] >0
s?
e “u(t),a>0 o 1 Re[s] > —a
s+a
cos (wt)u(t) o S Re[s] >0
s2+w?
sin (wtu(t) o _ ¥ Re[s] >0
s2+w?
e~ cos(wt)u(t), a>0 o s+a Re[s] > —a
(s +a)? + w?
e *sin(wt)u(t), a>0 < w Re[s] > —a
(s +a)? + w?
te " o 1 Re[s] > —a
(s +a)?
1-e % o a Re[s] > —a
s(s+a)
t? o 2 Re[s] >0
s3
t" o N! Re[s] >0
SN+1

Causal vs anti-causal Laplace Transforms

Causal

Xc(s) = Llx.(0)]

Nothing special.

Anti-causal

Xac(s) = £[xac(_t)] |_s

That is, to find an anti-causal Laplace transform of a signal, replace t
with —t, compute the Laplace transform as normal, then replace
every s with —s in the expression.



Laplace Transform properties

Causal functions and constants

ax(t), By (t)

aX(s), BY (s)

Linearity ax(t) + By(t) aX(s) + BY(s)
Right shift in time x(t — a)u(t — a) e~ *X(s)
Frequency shifting e®x(t) X(s—a)
Convolution in the time-
oo 11 (8) * x,(0) X, (9)X5()
Convolution in the s-domain x1 (t)x,(t) X1(s) * X5(s)
X
Multiplication by t tx(t) — dX(s)
ds
nX
Multiplication by t™ t"x(t) -nr aX(s)
dsm
s 1 @
Division by t ?x(t) j X(uw)du
S

Multiplication by a Sinusoid

x(t) cos(wt)

%[X(s +jw) + X(s — jw)]

x(t) sin(wt) JE[X(S +jw) — X(s — jw)]

1st Derivative d);(tt) sX(s) —x(07)

2
2nd Derivative ddxt(zt) s2X(s) —sx(07) —x'(0)

N
Nth Derivative d dx,gt) sNX(s) — YN Ex(0—)sN-1-F

t
Integral of a causal signal fot_x(l) da X
s
Expansi tracti t),a # 0 Ly 2)
xpansion/contraction x(at),a X \a

Initial value theorem

x(0) = limg, 5 - X ()

Final value theorem

lim,,x(t) = limg_ys - X(s)




Definition of Fourier Transform
X(w) = Fx(t)] = f x(t)e jotdt

Fourier Transform common pairs

Definition of Inverse Fourier Transform

[oe]

x(t) = FX(w)] = %f X(w)el*tdw

Input x(t) Output X (w)
(t) 1
6(t—1) e~jot
! +nd
ut) o o +T8()
s
u(—t) Jo nd(w)
0 5 2
sign (t) = 2[u(t) — 0.5] o
A —o <t <oo 2mAS (W)
Ae*y(t),a>0 A
’ jo+a
Ate *u(t),a >0 _4
’ (jw + a)?
e=ltl g > 0 _2a
’ a? + w?

cos(wpt), — 0 <t < oo

sin(wgt), —o <t <o

p@®) =Au(t+7)—u(t—-1)]7t>0

sin (wyt)

mt

x(t)cos (wpt)

T[6(w — wg) + §(w + wy)]
—jr[8(w — wp) — 8(w + w,)]

sin (w7)

(07)

At

P(w) = ulw + wy) —ul(w — wg)

0.5[X(w — wg) + X(w + wy)]



Fourier Transform Properties

Signals and constants

x(),y(t), z(t), &, B

X(w),Y(w), Z(w)

Linearity ax(t) + By(t) aX(w) + Y (w)

Expansi traction in ti ,a#0 Ly (w)
xpansion/contraction in time x(at),a TR

Reflection x(—t) X(—w)

Parseval's energy relation

E, = [ |x(t)2dt

1 (o)
— 2
By = 5= % IX(@)Pdo

Duality X(t) 2nx(—w)
. . . . d™x(t) .,
Time differentiation o >1 (w)"X(w)
dXx
Frequency differentiation —jtx(t) d(w)
)

. ¢ X(w)
Integration [_ x@)at' T + X (0)5(w)
Time shifting x(t —a) e 1 X (w)
Frequency shifting e/@olx(t) X(w— wg)
Modulation x(t)cos (w,t) 0.5[X(w —w.) + X (0 + w,)]

Periodic signals

x(t) = Y X elkeot

X(w) = X 21X, 6(w — kwg)

Symmetry

x(t) real

1X ()| = 1X(—w)I
2X(w) = —2X(—w)

Convolution in time

z(t) = [x"y1(®)

Z(w) = X(w)Y(w)

1
Windowing/Multiplication x(t)y(t) 7 [X * Y](w)

T
Cosine transform x(t) even X(w) = f_mmx(t)cos (wt)dt, real
Sine transform x(t) odd X(w) = f-°° x(t) sin(wt) dt,

imaginary




Definition of Z-transform
X(2) = Z x[n]-z™"

N

X@ = ) xfnl ()"

n=0

(If x[n] has finite support: 0 to N)

Z-Transform common pairs

Definition of Inverse Z-transform
1
— — . on—1
x[n] = x[n] —jzan(z) z" ldz

Input x[n] Output X (z) ROC
Oln] o 1 Whole z-plane
1 lz] > 1
Cd
uln] —
nu[n] o z”! lz| > 1
(1—z1)2
n?uln] o Atz 2] > 1
(1-z1)3
a™uln], Ja|<1 N 1z| > |af
1—az?
-1
nauln], |a| <1 o X |z| > |a]
(1—-az™1)
cos (wyn)u[n] o 1 — cos (w)z”" 2| > 1
° 1—2cos (wp)z7t +272
sin (wyn)u[n] o sin (w,)z”" 2| > 1
° 1—2cos (wp)z7t +272
1 — acos (wy)z™! lz| > 1
a™cos (wgn)uln],|la| <1 o e e T
asin (wy)z™! || > |al

a™sin (won)uln],|a| <1 o

1 — 2acos (wy)z™! + a?z72



Z-Transform properties

LR INCOT g 2 KO)
2. Right shift of x[n] x[n—1] z71 X(2) + x[-1]
x[n—2] 272 X(z) + x[-2] + z71 - x[-1]
x[n—q] z71-X(2)+x[—ql + z7' - x[-q+ 1] + -+ 279 x[—1]
z79-X(z) (ifx[n] = 0 for negative n)
3. Left shift in time x[n+1] z-X(z) —x[0] -z
x[n + 2] z2 - X(z) —x[0] - 2% — x[1] - z
4. Multiplication by n n-x[n] —Z- %
2
n? - x[n] z- d);(zz) +z2 d d);(zZ)
5. Multiplication by a™ a"-x[n] X (2)

6. Multiplication by
cos(wn) and sin(wn)

cos(wn) - x[n]

sin (wn) - x[n]

1 . .
E[X(e/‘" z)+X(e 77 z)]

Fx(e 2= x(ee - 2)]

7. Summation x[n] =
O0forn=-1,-2,-3,.

i.e,, a causal signal.

n

Z x[i]

i=0

z
z—1

-X(2)

8. Convolution

x[n] * v[n]

X(2)-V(2)




DTFT common pairs

Output X (e/®)
Inputx[n] periodic of period 2r ROC
6[n] < 1 —-T<w<m
A o 2nA5(w) —nmT<w<Tm
el o 2mS(w — w,) —nT<w<T
1
au[n],lal <1 & ——m —-T<w<m
1—aqe/®
ae
na™u[n],|la| <1 & —m8 —— —T<w<Tm
(1 — qe~Jw)2
cos (wgnu[n] e  w[d(w — wy) + 8w + wy)] —T<w<m
sin (won)u[n] o —jr[d(w — wy) + §(w + wy)] —nT<w<Tm
In <1 1-a <w<
o -
@™ lal 1 — 2acos (w) + a2 TEOST
sin (w(N + 1)/2)
plnl=un+N/2]—u[n—N/2] < —T<w<mw

sin (w/2)

1 — acos (w,y)e /@
acos (wgn)u[n] e ( 9) . nT<w<m
1 — 2acos (wy)e ™/ + a?e~2J@

asin (w,)e ™/
asin (wyn)u[n] e ( 0), . nT<w<m
1 — 2acos (wy)e ™/ + a?e~2J@




DTFT properties

Z-transform

x[n],X(2),]z| =1 € ROC

X(%) = X(@),—jo

Periodicity x[n] X(e/®) = X(e/@+2m)) k integer
Linearity ax[n] + By[n] aX(e’®) + BY (e/®)
Time-shifting x[n—N] e TN X (e/®)
Frequency-shift x[n]e/@on X(e/(@-wa))
Convolution (x *y)[n] X(el®)Y (el®)
1 . .
Multiplication x[n]-y[n] Z—I_HHX(efg)Y(ef(“"g))dH
T
Symmetry x[n] real-valued |X (e/®)| even function of w
2X(el®) odd function of w
Parseval's , 1 .n on |2
o I jw
relation Yz [ X[ 2nf_ﬂ|X(e )| dw




